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SECTION A [30 MARKS| Compulsory

QUESTION ONE.
(a) Using a unit circle as an example, define the terms Manifold. 6 MARKS

(b) Let U € R™ and V € R™ be open sets. State the condition under which a map ¢ : U=V

is smooth. Show that the map v : R2 > R, (z, ¥, ) — ( 2% + 22y — y* ) is smooth at a
point (—1,3) € R2. 6 MARKS
(c) Let p = (a.b) € S' be a point with b > 0. A local parametrization around p with @(0) — p is

given by

é:(—c.€) > St (t+a, \/l “-U Fa)?)
for some small enough real number € > 0. Find d¢;. 6 MARKS
(d) Define a submersion map. Show that the lincar map

. D m 3 . 2
ik R* 5 R, (z,y,w, 2) = ® +y° +w 5t

is a submersion for all points in (x,y,w, z) ¢ R 6 MARKS

9

(e) . Let f: 5% — S° defined by

‘_Iil 22!']"[‘;{ t 2.!'351.’;
Frighuyigh | 22 | ey 2x2x3 — 2T174
' L3 12 B 2
7 25 - G — Wy =
and
.
¥ y
q G% . 8%, ( Yy ) oy >
\ = \/’/1 — (I‘) U:! :J
Compute the composite map f o g 6 MARKS

QUESTION TWO. 20 Marks|

(a). Let ' = {(z.y) € R?: 22+ 4> = 1} C R? be the unit circle. Show that S' is a 1-dimensional
manifold. 110 MARKS

(b). Let vy : R? — S? define a stereographic projection
g 1) £= = g —-3('2:1:_ 2, 72 4 g == 11,
Find the derivative space d(vy) at (z.1y). hence that d(vn) is orthogonal to the vector
Nz, ) 10 MARKS
QUESTION 3 [20 Marks|.
(a). State and prove The Inverse Function. Theorem 12 MARKS

(b). Let f:R? — R3 be the a smooth map [ : (s.£) = ((1 +2coss)cost, (1 +2coss)sin t,.2sins).

Using the point (3. {) show that [ is an imniersion. 8 MARKS




QUESTION 4 [20 Marks].

(a). Using Jacobi matrix, show that the linear map f : (—m.7) — R?.1 — (sin 2¢,sint) is sm

one-to-one and an immersion. 6 MARKS]

(b). For a smooth map of manifolds [+ X — Y. Define a regular and a critical value. Show that

RS R (z,y,w.2) —»z+1y* +w -2t
has a regular point (1.1.—1,1) ¢ R? [7 MARKS]
(¢). Let p() — ™+ ap 12”1+ ...+ 2a; + 7o be a polynomial with real coefficients. Prove that
a smooth map ¢ : R — R? defined by w(x) = (2, w(z)) is transverse to the z-axis 7 if and
only if all zeros of p(a) are simple. 7 MARKS]

QUESTION 5 [20 Marks]|.

(a). Prove Bronwer Fixed-Point Theorem for continuous maps that state "Every continuous map
F o D™ > D" has a fixed point”. 10 MARKS|

(b). Let X be a smooth manifold with or without bonndary and let ¥ € R" be a smooth manifold
without boundary. Let f : X — Y be a continuous homotopic map. Show that if [ is a
smooth map on a closed subset A C X then the homotopy can be chosen relative to A. [10
MARKS|




